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We consider higher-order derivative interactions beyond second-order generalized Proca theo-
ries that propagate only the three desired polarizations of a massive vector field besides the two
tensor polarizations from gravity. These new interactions follow the similar construction criteria to
those arising in the extension of scalar-tensor Horndeski theories to Gleyzes-Langlois-Piazza-Vernizzi
(GLPV) theories. On the isotropic cosmological background, we show the existence of a constraint
with a vanishing Hamiltonian that removes the would-be Ostrogradski ghost. We study the behavior
of linear perturbations on top of the isotropic cosmological background in the presence of a matter
perfect fluid and find the same number of propagating degrees of freedom as in generalized Proca
theories (two tensor polarizations, two transverse vector modes, and two scalar modes). Moreover,
we obtain the conditions for the avoidance of ghosts and Laplacian instabilities of tensor, vector,
and scalar perturbations. We observe key differences in the scalar sound speed, which is mixed with
the matter sound speed outside the domain of generalized Proca theories.
I. INTRODUCTION
General Relativity (GR) is still the fundamental theory
for describing the gravitational interactions even after a
century. Cosmological observations [1–3] led to the stan-
dard model yielding an accelerated expansion of the late
Universe driven by the cosmological constant. The stan-
dard model of particle physics describes the strong and
electro-weak interactions with an exquisite experimental
success marking the milestone in high-energy physics. It
is still a big challenge to unify gravity with the known
forces in Nature and to merge these two standard models
into a single theory. Moreover, employing the usual tech-
niques of quantum field theory, we are not able to explain
the small observed value of the cosmological constant.
On the other hand, this has motivated to consider infra-
red modifications of gravity which could account for an
appropriate screening of the cosmological constant. On
a similar footing, one can also consider infra-red gravita-
tional modifications to realize an effective negative pres-
sure against gravity in form of dark energy [4].
The simplest and mostly studied large-distance mod-
ification of gravity is attributed to an additional scalar
field beyond the standard model of particle physics, e.g.,
the DGP braneworld [5], Galileons [6], and massive grav-
ity [7]. The scalar field arising in such theories can have
non-trivial self-interactions but also it can be generally
coupled to gravity [8, 9]. These interactions have to be
constructed with great caution to guarantee the absence
of ghost-like Ostrogradski instability [10], which other-
wise would yield an unbounded Hamiltonian from below.
It is well known that matter fields have to be cou-
pled to the Lovelock invariants or to the divergence-free
tensors constructed from the Lovelock invariants. Hence
they can for instance couple to the volume element
√−g
and to the Ricci scalar R which are the only two non-
trivial Lovelock invariants, since the Gauss-Bonnet term
is topological in four dimensions. Furthermore, they can
couple to the divergence-free metric gµν , Einstein tensor
Gµν , and the double dual Riemann tensor Lµναβ . In flat
space-time the ghost-free scalar interactions with deriva-
tives acting on them are known as the Galileon interac-
tions [6]. If one would naively promote the partial deriva-
tives to covariant derivatives, this procedure would yield
the equations of motion higher than second order [10].
The appearance of higher-order derivative terms can be
avoided by introducing non-minimal couplings to gravity
through the Lovelock invariants or the divergence-free
tensors.
Horndeski theories [11] constitute the most general
scalar-tensor interactions with second-order equations of
motion. In these theories there is only one scalar de-
gree of freedom (DOF) besides two graviton polarizations
without having the Ostrogradski instability [12]. It is a
natural question to ask whether abandoning the require-
ment of second-order equations of motion inevitably al-
ters the propagating DOF. Allowing interactions beyond
the Horndeski domain will introduce derivative interac-
tions higher than second order. However, this does not
necessarily mean that the number of propagating DOF
increases. Exactly this spirit was followed in GLPV theo-
ries [13], where they expressed the Horndeski Lagrangian
in terms of the 3+1 Arnowitt-Deser-Misner (ADM) de-
composition of space-time in the unitary gauge [14] and
did not impose the two conditions that Horndeski the-
ories obey. The Hamiltonian analysis in the unitary
gauge revealed that there is still only one scalar DOF
[15]. The cosmology and the spherically symmetric so-
lutions in GLPV theories have been extensively studied
in Refs. [16–19]. The ghost freedom beyond the unitary
gauge and beyond a conformal and disformal transfor-
mation is still an ongoing research investigation in the
literature [20–25].
Even if the large-distance modifications of gravity
through a scalar field are simpler, considerations in form
of a vector field can yield interesting phenomenology for
2the cosmic expansion and growth of large-scale struc-
tures. Furthermore, the presence of the vector field might
explain the anomalies reported in CMB observations [26].
For a gauge-invariant vector field, the only new interac-
tion is via a coupling of the field strength tensor to the
double dual Riemann tensor. Unfortunately, the exis-
tence of derivative self-interactions similar to those aris-
ing for covariant Galileons is forbidden for a massless,
Lorentz-invariant vector field coupled to gravity [27].
However, this negative result does not apply to mas-
sive vector fields, for which one can successfully construct
derivative self-interactions due to the broken U(1) sym-
metry. The idea was to construct interactions with only
three propagating degrees of freedom, out of which two
would correspond to the transverse and one to the lon-
gitudinal mode of the vector field. This was systemati-
cally constructed in Ref. [28] together with the Hessian
and Hamiltonian analysis. The key point is the require-
ment that the longitudinal mode belongs to the class of
Galileon/Horndeski theories. This constitutes the gen-
eralized Proca theories up to the quintic Lagrangian on
curved space-time with second-order equations of motion,
which is guaranteed by the presence of non-minimal cou-
plings to the Lovelock invariants in the same spirit as in
the scalar Horndeski theories [28–31].
One can also construct the sixth-order derivative inter-
actions, if one allows for trivial interaction terms for the
longitudinal mode [30, 31]. Its generalization to curved
space-time contains the double dual Riemann tensor,
which keeps the equations of motion up to second order
[31]. In fact, this sixth-order Lagrangian accommodates
similar vector-tensor theories constructed by Horndeski
in 1976 [32]. We refer the reader to Refs. [33–41] for re-
lated works. The second-order massive vector theories up
to the sixth-order Lagrangian studied in Refs. [31, 40, 41]
constitute the generalized Proca theories.
It is a natural follow-up question to ask whether or not
the extension of generalized Proca theories is possible in
such a way that there are still three propagating vec-
tor DOF even with derivatives higher than second order.
In the GLPV extension of Horndeski theories, the La-
grangians of two additional scalar derivative interactions
can be expressed in terms of the anti-symmetric Levi-
Civita tensor. Outside the domain of generalized Proca
theories, one can also construct generalized Lagrangians
by using the Levi-Civita tensor. It is then expected that,
in beyond-generalized Proca theories, the longitudinal
vector mode would have some correspondence with the
scalar mode in GLPV theories, but there will be also new
interactions corresponding to the purely intrinsic vector
modes.
In this Letter, we will propose candidates for new
beyond-generalized Proca Lagrangians in Sec. II to study
the possibility of the healthy extension of generalized
Proca theories. In Sec. III we derive the background
equations of motion on the flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) background and the associ-
ated Hamiltonian H. We see that, even in the presence
of these new interactions, there exists a second class con-
straint (H = 0) that removes the Ostrogradski ghost. In
Sec. IV we consider linear cosmological perturbations on
the flat FLRW background and show that the number of
DOF in beyond-generalized Proca theories is not altered
relative to that in generalized Proca theories. We also
study what kinds of differences arise for the stability of
perturbations by extending generalized Proca theories to
beyond-generalized Proca theories. Sec. V is devoted to
conclusions and future outlook.
II. EXTENSION OF GENERALIZED PROCA
THEORIES TO BEYOND-GENERALIZED
PROCA THEORIES
The generalized Proca theories are characterized by
second-order interactions with two transverse and one
longitudinal polarizations of a vector field Aµ coupled
to gravity. Introducing the field tensor Fµν = ∇µAν −
∇νAµ, where ∇µ is the covariant derivative operator, the
four-dimensional action of generalized Proca theories is
given by
Sgen.Proca =
∫
d4x
√−g
6∑
i=2
Li , (2.1)
where g is the determinant of the metric tensor gµν , and
L2 = G2(X,F, Y ) , (2.2)
L3 = G3∇µAµ , (2.3)
L4 = G4R+G4,X
[
(∇µAµ)2 −∇ρAσ∇σAρ
]
, (2.4)
L5 = G5Gµν∇µAν − 1
6
G5,X [(∇µAµ)3
−3∇µAµ∇ρAσ∇σAρ + 2∇ρAσ∇γAρ∇σAγ ]
−g5F˜αµF˜ βµ∇αAβ , (2.5)
L6 = G6Lµναβ∇µAν∇αAβ
+
1
2
G6,X F˜
αβF˜µν∇αAµ∇βAν . (2.6)
The function G2 depends on the following three quanti-
ties
X = −AµA
µ
2
, F = −FµνF
µν
4
, Y = AµAνFµ
αFνα ,
(2.7)
whileG3,4,5,6 and g5 are arbitrary functions ofX with the
notation Gi,X ≡ ∂Gi/∂X . The vector field is coupled to
the Ricci scalar R and the Einstein tensor Gµν through
the functions G4(X) and G5(X). The L
µναβ and F˜µν are
the double dual Riemann tensor and the dual strength
tensor defined, respectively, by
Lµναβ =
1
4
EµνρσEαβγδRρσγδ , F˜µν = 1
2
EµναβFαβ ,
(2.8)
where Rρδγδ is the Riemann tensor and Eµνρσ is the Levi-
Civita tensor obeying the normalization EµνρσEµνρσ =
3−4!. We can potentially include the dependence of the
quantity Fµν F˜µν in the function G2 [28, 36]. If we impose
the parity invariance, however, it does not contribute to
the perturbations at linear order, so we do not take into
account such dependence in G2.
The action (2.1) was constructed to keep the equa-
tions of motion up to second order to avoid the appear-
ance of an extra DOF besides two transverse and one
longitudinal modes of the vector field [28]. Each La-
grangian density can be expressed in terms of the Levi-
Civita tensor Eµ1µ2µ3µ4 and the first derivatives of Aµ.
The anti-symmetric property of Eµ1µ2µ3µ4 allows us to
eliminate the terms containing time derivatives of the
temporal vector component A0, such that the additional
DOF does not propagate. In this set up the derivatives of
Aµ higher than first-order are not taken into account, as
they give rise to the derivatives of a scalar field π higher
than second order in the Lagrangian by taking the limit
Aµ → ∇µπ.
The action (2.1) consists of three parts. The first part
corresponds to the Lagrangian densities (with the index
i = 0, 1, 2, 3):
LGai+2 = gi+2 δˆβ1···βiγi+1···γ4α1···αiγi+1···γ4∇β1Aα1 · · · ∇βiAαi , (2.9)
where gi+2 are functions ofX and we have introduced the
operator δˆ
β1···βiγi+1···γ4
α1···αiγi+1···γ4 = Eα1···αiγi+1···γ4Eβ1···βiγi+1···γ4 .
They recover those of Minkowski Galileons from the
scalar part π of Aµ for the functions g2,3,4,5 ∝ X . The
second part arises from the terms derived by exchanging
some of the indices in LGa4,5, i.e.,
LV4 = h˜4 δˆβ1β2γ3γ4α1α2γ3γ4∇β1Aβ2∇α1Aα2 , (2.10)
LV5 = h˜5δˆβ1β2β3γ4α1α2α3γ4∇α1Aα2∇β1Aβ2∇α3Aβ3 , (2.11)
with again δˆβ1β2γ3γ4α1α2γ3γ4 = Eα1α2γ3γ4Eβ1β2γ3γ4 and general
functions h˜4 and h˜5 depending on X . These interactions
can be regarded as the intrinsic vector modes that vanish
in the scalar limit Aµ → ∇µπ. The Lagrangian density
L6 contains the intrinsic vector contribution
LV6 = h˜6 δˆβ1β2β3β4α1α2α3α4∇β1Aβ2∇α1Aα2∇β3Aα3∇β4Aα4 .
(2.12)
The third part corresponds to the non-minimal
coupling terms G4(X)R, G5(X)Gµν∇µAν , and
G6(X)L
µναβ∇µAν∇αAβ , which are required to keep
the equations of motion up to second order [28, 31].
If we try to make the minimal extension of the above
generalized Proca theories, we can take into account
terms containing the products of Aα1Aβ1 and the first
derivatives of Aµ. Let us consider the following new La-
grangian densities
LN4 = f4δˆβ1β2β3γ4α1α2α3γ4Aα1Aβ1∇α2Aβ2∇α3Aβ3 , (2.13)
LN5 = f5δˆβ1β2β3β4α1α2α3α4Aα1Aβ1∇α2Aβ2∇α3Aβ3∇α4Aβ4 ,(2.14)
L˜N5 = f˜5δˆβ1β2β3β4α1α2α3α4Aα1Aβ1∇α2Aα3∇β2Aβ3∇α4Aβ4 ,(2.15)
with the functions f4,5 and f˜5 depending onX . If we take
the limit Aµ → ∇µπ, the Lagrangian densities LN4 and
LN5 for the scalar field π are equivalent to those appearing
in GLPV theories [13]. Thus, the above construction of
new derivative interactions is analogous to the GLPV ex-
tension of scalar Horndeski theories, but in our case the
situation is more involved due to the existence of trans-
verse vector modes. We also need to take into account
the intrinsic vector term L˜N5 derived after exchanging the
indices β2 and α3 in LN5 . Note, that we did not include
the term L˜N4 = f˜4δˆβ1β2β3γ4α1α2α3γ4Aα1Aβ1∇α2Aα3∇β2Aβ3 , since
it is already included in L2. For the sixth-order inter-
action, we run out of the indices to make the product
Aα1Aβ1 . Instead, we consider the following Lagrangian
density
LN6 = f˜6δˆβ1β2β3β4α1α2α3α4∇β1Aβ2∇α1Aα2∇β3Aα3∇β4Aα4 ,
(2.16)
with f˜6(X). This is of the same form as Eq. (2.12),
but the difference from generalized Proca theories is
that the relative coefficient to the non-minimal coupling
term Lµναβ∇µAν∇αAβ is detuned in beyond-generalized
Proca theories, which generates derivatives higher than
second order. Then, the new Lagrangian densities in our
set up are given by
LN = LN4 + LN5 + L˜N5 + LN6 . (2.17)
To study the effect of derivative interactions in beyond-
generalized Proca theories, we consider the following ac-
tion
S =
∫
d4x
√−g
(
6∑
i=2
Li + LN + LM
)
, (2.18)
where LM is the matter Lagrangian density.
In the following, we would like to analyze the possi-
ble number of propagating DOF in beyond-generalized
Proca theories explained above. The worry is that the
new terms (2.17) might induce the propagation of a
ghostly DOF associated with the Ostrogradski instabil-
ity. For this purpose, we shall focus on the study for
both the background (Sec. III) and the linear perturba-
tion (Sec. IV) on top of the isotropic FLRW background.
Note that this first analysis does not necessarily guar-
antee the absence of ghostly DOF on more general back-
grounds. For a complete proof of the absence of extra
DOF, the full 3+1 ADM Hamiltonian analysis is needed
without fixing the gauge.
III. BACKGROUND EQUATIONS OF MOTION
AND THE HAMILTONIAN
A. Background and perturbed quantities
To derive the background and perturbation equations
of motion on the isotropic cosmological background, we
4consider the general perturbed metric in the form [42]
ds2 = −(1 + 2α) dt2 + 2 (χ|i + Vi) dt dxi
+a2(t)
[
(1 + 2ψ)δij + 2E|ij + 2Fi|j + hij
]
dxidxj , (3.1)
where α, χ, ψ,E are scalar metric perturbations, Vi, Fi
are vector perturbations, and hij is the tensor pertur-
bation. The index “|” represents the covariant deriva-
tive with respect to the three-dimensional spatial metric.
Expanding the action (2.18) up to first order in scalar
perturbations, we can obtain the background equations
of motion on the flat FLRW background described by
the line element ds2 = −dt2 + a2(t)δijdxidxj . The lin-
ear perturbation equations also follow from the action
(2.18) expanded up to second order in scalar, vector, and
tensor perturbations. Before doing so, we first remove
redundant gauge DOFs.
Under a scalar gauge transformation t → t + δt and
xi → xi+δijδx|j , the scalar perturbations ψ and E trans-
form, respectively, as ψ → ψ−Hδt and E → E−δx [43],
where H = a˙/a is the Hubble expansion rate and a dot
represents a derivative with respect to t. Under a vector
gauge transformation xi → xi + δxi, the vector pertur-
bation Fi transforms as Fi → Fi − δxi. If we choose the
flat gauge
ψ = 0 , E = 0, Fi = 0 , (3.2)
then the time slicing δt, the spatial threading δx, and the
infinitesimal vector δxi are unambiguously fixed.
In what follows, we shall derive the equations of mo-
tion for the background and cosmological perturbations
under the gauge choice (3.2). By fixing the gauge in this
way, we already removed the extra gauge DOFs from
the beginning. We have also expanded the action (2.18)
up to second order in perturbations without fixing the
gauge from the beginning and have derived the equations
of motion from the general gauge-invariant Lagrangian.
Choosing the flat gauge (3.2) in the equations of motion
at the end, we confirmed that the resulting dynamical
equations for tensor, vector, and scalar perturbations are
equivalent to those derived by fixing the gauge from the
beginning in the Lagrangian.
The vector perturbation satisfies the transverse con-
dition ∂iVi = 0, where ∂
i represents the spatial deriva-
tive. The tensor perturbation hij obeys the transverse
and traceless conditions ∂ihij = 0 and hi
i = 0. We ex-
press the temporal and spatial components of the vector
field Aµ, as
A0 = φ(t) + δφ , Ai =
1
a2(t)
δij (∂jχV + Ej) , (3.3)
where φ(t) is the background value of the temporal vec-
tor component, δφ and χV are the scalar perturbations,
and Ej is the intrinsic vector perturbation obeying the
transverse condition ∂jEj = 0.
For the matter sector, we take into account a perfect
fluid described by the Schutz-Sorkin action [44]:
SM = −
∫
d4x
[
√−g ρM (n) + Jµ
(
∂µℓ+
2∑
i=1
Ai∂µBi
)]
.
(3.4)
The energy density ρM depends on the fluid number den-
sity n =
√
JµJµ/g, where the temporal and spatial com-
ponents of Jµ can be decomposed, respectively, as
J0 = N0 + δJ , J i = 1
a2
δik (∂kδj +Wk) , (3.5)
where N0 is a constant associated with the total back-
ground particle number (related with the background
number density n0 as N0 = n0a3), δJ and δj are the
scalar perturbations, and Wk is the vector perturbation
satisfying ∂kWk = 0.
The scalar quantity ℓ can be decomposed as ℓ =
ℓ0 − ρM,nv, where the background value ℓ0 obeys the
relation ∂0ℓ0 = −ρM,n ≡ −∂ρM/∂n and v is the pertur-
bation associated with the velocity potential. Then, we
can write ℓ in the form ℓ = − ∫ t ρM,n(t˜) dt˜− ρM,nv.
The terms Ai and Bi in Eq. (3.4) correspond to vector
perturbations obeying the transverse conditions. It is suf-
ficient to consider the x, y components of Ai whose per-
turbations depend on t and z alone, i.e., A1 = δA1(t, z)
and A2 = δA2(t, z). One can extract the required prop-
erty of the vector mode by choosing B1 = x + δB1(t, z)
and B2 = y + δB2(t, z). Varying the matter action (3.4)
with respect to Jµ, it follows that
Jµ =
n
√−g
ρM,n
(
∂µℓ+
2∑
i=1
Ai∂µBi
)
, (3.6)
which is related with the fluid four-velocity uµ, as uµ =
Jµ/(n
√−g). The spatial part of uµ can be expressed as
ui = −∂iv + vi , (3.7)
where vi is the transverse vector perturbation associated
with δAi, as δAi = ρM,nvi.
At the background level, the fluid action (3.4) reads
S
(0)
M =
∫
d4x
√−g PM (n0) , PM (n0) = n0ρM,n − ρM ,
(3.8)
where PM corresponds to the fluid pressure. As far as the
scalar perturbation is concerned, the perfect fluid can be
also described by the k-essence action [45]
SM =
∫
d4x
√−g PM (Z) , Z = −1
2
gµν∂µσ∂νσ , (3.9)
where the pressure PM depends on the kinetic term of a
scalar field σ (see also Refs. [46]). At the background level
the matter energy density is given by ρM = 2ZPM,Z −
PM , so there is the correspondence n0ρM,n → 2ZPM,Z =
ρM + PM . From the k-essence action (3.9) we obtain
5the density perturbation δρM , the pressure perturbation
δPM , and the velocity potential v, respectively, as
δρM = (PM,Z + 2ZPM,ZZ) δZ ,
δPM = PM,ZδZ ,
v =
δσ
σ˙
, (3.10)
where δZ corresponds to
δZ = σ˙δσ˙ − σ˙2α . (3.11)
As far as the tensor and scalar perturbations are con-
cerned, we can employ either the Schutz-Sorkin action
or the k-essence action, but for the computation of vec-
tor perturbations we need to resort to the Schutz-Sorkin
action.
We shall expand the action (2.18) together with the
Schutz-Sorkin action (3.4) up to second-order in per-
turbations on the flat FLRW background to discuss the
propagating DOF. In doing so, we perform the following
field redefinitions:
Zi = Ei + φ(t)Vi ,
ψ = χV + φ(t)χ ,
δρM =
ρM,n
a3
δJ , (3.12)
where Zi and ψ correspond to the vector and scalar parts
of Ai respectively, and δρM is the matter density pertur-
bation. The vector field Zi obeys the transverse condi-
tion ∂iZi = 0, so there are two independent components.
At first order, the perturbation δn of the fluid number
density is equivalent to δρM/ρM,n.
B. Background equations
Expanding the action (2.18) up to first order in scalar
perturbations, the resulting first-order action is given by
S(1) = a3 (C1α+ C2δφ+ C3v) , (3.13)
where we introduced the following short-cuts for conve-
nience
C1 = G2 +G2,Xφ2 + 3G3,XHφ3 + 6(G4 +G4,XXφ4)H2
− (G5,X +G5,XXφ2)H3φ3 − ρM
+ 6
[
3f4 + f4,Xφ
2 +Hφ
(
3f5 + f5,Xφ
2
)]
H2φ4 ,(3.14)
C2 = φ{G2,X + 3G3,XHφ+ 6(G4,X +G4,XXφ2)H2
− (3G5,X +G5,XXφ2)H3φ
+6[4f4 + f4,Xφ
2 + (5f5 + f5,Xφ
2)Hφ]H2φ2} , (3.15)
C3 = −N0
a3
(
ρ˙M,n + 3H
N0
a3
ρM,nn
)
, (3.16)
where H = a˙/a is the Hubble expansion rate. Variations
of the action (3.13) with respect to α, δφ, v give rise to
the background equations
Ci = 0 (i = 1, 2, 3), (3.17)
respectively. On using the properties N0 = n0a3 and
n0ρM,n = ρM + PM , the third equation (C3 = 0) corre-
sponds to the matter continuity equation
ρ˙M + 3H (ρM + PM ) = 0 . (3.18)
In the k-essence description of the perfect fluid, the third
term on the r.h.s. of Eq. (3.13) is replaced by a3PM,Z σ˙ ˙δσ.
Variation with respect to δσ leads to the matter equation
of motion ddt(a
3PM,Z σ˙) = 0, i.e.,(
PM,Z + σ˙
2PM,ZZ
)
σ¨ + 3HPM,Zσ˙ = 0 . (3.19)
Using the correspondence ρM = 2ZPM,Z − PM , the con-
tinuity Eq. (3.18) follows from Eq. (3.19).
The terms containing f4 and f5 in Eqs. (3.14) and
(3.15) correspond to the new terms arising from the La-
grangians (2.13) and (2.14). They originate from the lon-
gitudinal component of the vector field, so it is expected
that the equations of motion can be written in terms of
the quantities similar to those appearing in GLPV theo-
ries [13]. To see the correspondence with GLPV theories,
we introduce the following quantities
A2 = G2 , A3 = (2X)
3/2E3,X ,
A4 = −G4 + 2XG4,X + 4X2f4 ,
A5 = −
√
2X3/2
(
1
3
G5,X − 4Xf5
)
,
B4 = G4 , B5 = (2X)
1/2E5 , (3.20)
where E3(X) and E5(X) are auxiliary functions [14] sat-
isfying
G3 = E3 + 2XE3,X , G5,X =
E5
2X
+ E5,X . (3.21)
Then, the two background equations C1 = 0 and C2 = 0
can be written in compacts forms:
A2 − 6H2A4 − 12H3A5 = ρM , (3.22)
φ
(
A2,X + 3HA3,X + 6H
2A4,X + 6H
3A5,X
)
= 0 .(3.23)
Taking the time derivative of Eq. (3.22) and using
Eq. (3.18), it follows that
A˙3 + 4H˙A4 + 4HA˙4 + 12HH˙A5 + 6H
2A˙5 = ρM + PM .
(3.24)
The background Eqs. (3.22) and (3.24) are of the same
forms as those in GLPV theories (see Eqs. (2.15) and
(2.16) of Ref. [17]) with the particular relation (3.23).
In GLPV theories the constraint (3.23) is absent, but
in beyond-generalized Proca theories the relation (3.23)
gives the constraint on the background trajectory with φ
always related to H [40] (e.g., analogous to the tracker
solution [47] found for scalar Galileons).
From Eq. (3.20) there are two particular relations
A4 +B4 − 2XB4,X = 4X2f4 ,
A5 +
1
3
XB5,X = (2X)
5/2f5 . (3.25)
6In generalized Proca theories the Lagrangians LN4 and
LN5 are absent, so that f4 = 0 and f5 = 0. In this case,
the functions B4 and B5 are related with A4 and A5
according to the relationsA4+B4−2XB4,X = 0 and A5+
XB5,X/3 = 0. In beyond-generalized Proca theories the
functions f4 and f5 are non-zero, so there are two more
free functions B4 and B5 than those in generalized Proca
theories. This situation is analogous to the extension
of Horndeski theories to GLPV theories [13]. We recall
that the Lagrangians L6, L˜N5 , and LN6 , which correspond
to the intrinsic vector mode, do not contribute to the
background equations of motion.
Since the background Eqs. (3.22)-(3.24) do not contain
the functions B4 and B5, beyond-generalized Proca theo-
ries cannot be distinguished from generalized Proca the-
ories at the background level (as it happens in the GLPV
extension of Horndeski theories [17, 48]). However, as we
will discuss in Sec. IV, this situation is different at the
level of cosmological perturbations.
C. Hamiltonian
The discussion in Sec. III B shows that, at the back-
ground level, beyond-generalized Proca theories do not
give rise to additional ghostly DOF to that in general-
ized Proca theories. It is also possible to see the absence
of the Ostrogradski ghost by computing the Hamiltonian
of the system. In doing so, we consider the line element
ds2 = −N2(t)dt2 + a2(t)δijdxidxj , (3.26)
which contains the lapse function N(t). For the vector
field given by Aµ = (φ(t)/N(t), 0, 0, 0), the action (2.18)
reduces to S =
∫
d4xL, with
L = Na3G2 − a3G3,Xφ2φ˙− 6aa˙
2G4
N
+
6aa˙2G4,Xφ
2
N
− G5,X a˙
3φ3
N2
+
6aa˙2f4φ
4
N
+
6a˙3f5φ
5
N2
+Na3PM ,(3.27)
where we have carried out the integration by parts. Since
the Lagrangian (3.27) does not contain the time deriva-
tive of N , there exists a Hamiltonian constraint. In fact,
the variation of L with respect to N leads to
∂L
∂N
= −H
N
= 0 , (3.28)
where H = ΠµO˙µ − L is the Hamiltonian with Πµ =
∂L/∂O˙µ and Oµ = (N(t), φ(t), a(t)). The explicit form
of H is given by
H = −Na3
(
G2 + 6H
2G4 − 6G4,XH2φ2 + 2G5,XH3φ3
−6f4H2φ4 − 12f5H3φ5 − ρM
)
, (3.29)
which does not contain any time derivatives of φ. Equa-
tion (3.28) shows that H = 0 exactly. Hence there is
no Ostrogradski instability associated with the Hamil-
tonian unbounded from below. Existence of the con-
straint (3.28) removes the would-be ghostly DOF associ-
ated with the time derivatives of φ.
The Hamiltonian constraint H = 0 follows from the
background Eqs. (3.17). In fact, after eliminating the
term G2,X from the two equations C1 = 0, C2 = 0 and
setting N = 1, we obtain the constraint equation H = 0.
Moreover, varying the Lagrangian (3.27) with respect to
φ, the resulting equation of motion is equivalent to C2 =
0.
What we have shown in this section is by no means
a full proof of the absence of extra ghostly DOF on ar-
bitrary backgrounds. A full ADM Hamiltonian analysis
is needed for this purpose. Even though this proof is
not the goal of the present work, we will consider linear
perturbations on the FLRW background in Sec. IV and
investigate the propagating DOF.
IV. DYNAMICS OF LINEAR PERTURBATIONS
In this section we expand the action (2.18) up to second
order in tensor, vector, and scalar perturbations to study
the number of DOFs as well as no-ghost and stability
conditions for linear cosmological perturbations.
A. Tensor perturbations
We begin with the derivation of the second-order ac-
tion for tensor perturbations hij . We can express hij
in terms of two polarization modes h+ and h×, as
hij = h+e
+
ij + h×e
×
ij . The unit bases e
+
ij and e
×
ij sat-
isfy the normalization conditions e+ij(k)e
+
ij(−k)∗ = 1,
e×ij(k)e
×
ij(−k)∗ = 1, and e+ij(k)e×ij(−k)∗ = 0 in Fourier
space, where k is the comoving wave number. Expanding
the action (2.18) up to quadratic order in tensor pertur-
bations, the second-order action reads
S
(2)
T =
∑
λ=+,×
∫
dt d3xa3
qT
8
[
h˙2λ −
c2T
a2
(∂hλ)
2
]
, (4.1)
where
qT = 2G4 − 2G4,Xφ2 +G5,XHφ3 − 2f4φ4 − 6f5Hφ5
= −2 (A4 + 3HA5) , (4.2)
c2T =
2G4 +G5,Xφ
2φ˙
qT
= − 2B4 + B˙5
2(A4 + 3HA5)
. (4.3)
In the second equalities of Eqs. (4.2) and (4.3) we have
used the quantities defined by Eq. (3.20). The La-
grangians LN4 and LN5 lead to the modification of qT ,
which on the other hand can be expressed in terms of
A4 and A5 alone. The numerator of c
2
T contains the
terms B4 and B˙5, so beyond-generalized Proca theories
give rise to the tensor propagation speed different from
7that in generalized Proca theories. The expressions of qT
and c2T are of the same forms as those in GLPV theories
[48]. The action (4.1) does not contain the derivative
terms higher than second order, so the dynamical DOF
of the tensor mode remain two.
B. Vector perturbations
Let us proceed to the discussion of vector pertur-
bations. Due to the transverse conditions of the vec-
tor mode (e.g., ∂iZi = 0), we can choose the compo-
nents of these fields as Zi = (Z1(t, z), Z2(t, z), 0) without
losing the generality. The second-order matter action
(S
(2)
M )V of the vector mode is the same as that derived
in Refs. [40, 41]. Varying the action (S
(2)
M )V with respect
to Wi, δAi, δBi, we obtain the following relations
Wi = N0 (vi − Vi) , (4.4)
δAi = ρM,nvi = Ci , (4.5)
where Ci are constants in time, and
vi = Vi − a2 ˙δBi . (4.6)
After integrating out the fields Wi and δAi, the full
second-order action derived by expanding Eq. (2.18) in
vector perturbations reads
S
(2)
V =
∫
dtd3x
2∑
i=1
[
aqV
2
Z˙2i −
1
2a
α1(∂Zi)
2 − a
2φ2
α2Z
2
i
+
φ
2a
α3∂Vi∂Zi +
qT
4a
(∂Vi)
2 +
1
2
a(ρM + PM )v
2
i
]
, (4.7)
where
qV = G2,F + 2G2,Y φ
2 − 4g5Hφ+ 2G6H2
+2G6,XH
2φ2 + 4f˜6H
2φ2 , (4.8)
α1 = qV + 2[G6H˙ −G2,Y φ2 − f˜5Hφ3
−(Hφ− φ˙)(G6,XHφ− g5 + 2f˜6Hφ)] , (4.9)
α2 = 4G4H˙ − 4G4,XHφφ˙+ 2G5,XH2φ2φ˙
+ρM + PM , (4.10)
α3 = 2G4,X −G5,XHφ+ 2f4φ2 + 6f5Hφ3
=
2
φ2
(A4 +B4 + 3HA5) . (4.11)
The structure of the action (4.7) is the same as that
derived in generalized Proca theories [40, 41] with the
different coefficients qV , α1, α2, α3. Hence the new La-
grangians (2.13)-(2.16) do not give rise to any additional
DOF associated with vector perturbations.
Varying the action (4.7) with respect to Vi yields
qT
2
k2
a2
Vi = −(ρM + PM )vi − α3φ
2
k2
a2
Zi , (4.12)
and similarly with respect to Zi :
Z¨i +
(
H +
q˙V
qV
)
Z˙i +
1
qV
(
α1
k2
a2
+
α2
φ2
)
Zi
−α3φ
2qV
k2
a2
Vi = 0 . (4.13)
In the small-scale limit (k →∞) we can neglect the mat-
ter contribution in Eq. (4.12), so we obtain the approxi-
mate relation Vi ≃ −(α3φ/qT )Zi. Substituting this into
Eq. (4.13), the dynamical vector field Zi obeys
Z¨i +
(
H +
q˙V
qV
)
Z˙i + c
2
V
k2
a2
Zi ≃ 0 , (4.14)
where the vector propagation speed squared is given by
c2V =
α23φ
2
2qT qV
+
α1
qV
= 1 +
2(A4 +B4 + 3HA5)
2
φ2qT qV
+
2(G6H˙ −G2,Y φ2 − f˜5Hφ3)
qV
−2(Hφ− φ˙)(G6,XHφ− g5 + 2f˜6Hφ)
qV
. (4.15)
To avoid the ghost and the Laplacian instability on small
scales, we require the conditions qV > 0 and c
2
V > 0.
All the new Lagrangian densities (2.13)-(2.16) affect cV
through the changes of coefficients (4.8)-(4.11), while qV
is only modified by the term LN6 . In spite of these mod-
ifications, the DOF of vector perturbations remain two
as those in generalized Proca theories.
C. Scalar perturbations
For scalar perturbations, we first expand the Schutz-
Sorkin action (3.4) up to second order by using the mat-
ter perturbation δρM defined in Eq. (3.12). Varying this
action with respect to δj, we obtain
∂δj = −a3n0 (∂v + ∂χ) . (4.16)
On using this relation and the background equation of
motion, the second-order matter action reduces to
(SM )
(2)
S =
∫
dtd3xa3
[
− n0ρM,n
2a2
(∂v)2 + n0ρM,nv
∂2χ
a2
+v˙ δρM − 3Hc2Mv δρM −
c2M
2n0ρM,n
(δρM )
2 − αδρM
]
,(4.17)
where c2M is the matter sound speed squared defined by
c2M ≡
PM,n
ρM,n
=
n0ρM,nn
ρM,n
. (4.18)
8Expansion of the full action (2.18) up to second order in
scalar perturbations gives
S
(2)
S =
∫
dtd3xa3
{(
w1α+
w2δφ
φ
)
∂2χ
a2
− w3 (∂α)
2
a2
+w4α
2 − w3
4
(∂δφ)2
a2φ2
+ w5
(δφ)2
φ2
− w3
4φ2
(∂ψ˙)2
a2
+
w7
2
(∂ψ)2
a2
− (3Hw1 − 2w4)αδφ
φ
+α
[
w3
∂2(δφ)
a2φ
+ w3
∂2ψ˙
a2φ
− w6 ∂
2ψ
a2
]
−
(
w8ψ − w3ψ˙
) ∂2(δφ)
2a2φ2
}
+ (SM )
(2)
S , (4.19)
where we introduced the following variables for compact-
ness
w1 = −A3,Xφ2 + 4H(A4 −A4,Xφ2)
+6H2(2A5 −A5,Xφ2) , (4.20)
w2 = w1 + 2HqT , (4.21)
w3 = −2φ2qV , (4.22)
w4 = 3H(w2 −HqT ) + w5 , (4.23)
w5 =
1
2
φ4
(
A2,XX + 3HA3,XX
+6H2A4,XX + 6H
3A5,XX
)
, (4.24)
w6 = − 1
2φ
[4H(qT − 2B4)− w8] , (4.25)
w7 =
2(qT − 2B4)
φ2
H˙ +
w8
2φ3
φ˙ , (4.26)
w8 = 2w2 + 4Hφ
2 (2B4,X −HB5,X) . (4.27)
The coefficients w1, w2, w4, w5 only contain the functions
Ai and their derivatives, but there exist the functions
B4,5 and their derivatives in w6, w7, w8. Hence the dif-
ference from generalized Proca theories arises through
the terms containing w6, w7, w8. In particular we have
the following relation
w8 − (w6φ+ w2) = −4H(A4 +B4 − 2XB4,X)
−4H2(3A5 +XB5,X)
= −4Hφ4 (f4 + 3Hφf5) , (4.28)
where we have used Eq. (3.25). In generalized Proca
theories studied in Refs. [40, 41] we have that f4 = f5 =
0, so there is the specific relation w8 = w6φ + w2. In
beyond-generalized Proca theories, w8 is different from
w6φ+ w2.
While the presence of the Lagrangians LN4 and LN5
manifests themselves through the modifications of the
functions B4,5, the effect of LN6 arises through the modi-
fication of the term w3 = −2φ2qV . The existence of L˜N5
does not affect the second-order action of scalar pertur-
bations.
The structure of the action (4.19) is the same as that
in generalized Proca theories derived in Refs. [40, 41], so
the new Lagrangian densities (2.13)-(2.16) do not give
rise to any additional DOF. As in the GLPV extension
of Horndeski theories [13], there are no derivatives higher
than second order in the scalar action (4.19). Since this
second-order property also holds for tensor and vector
perturbations, beyond-generalized Proca theories with
the new terms (2.13)-(2.16) are not prone to the Ostro-
gradski instability on the flat FLRW background.
As we will see in the following, beyond-generalized
Proca theories can be distinguished from generalized
Proca theories by different evolution of the scalar prop-
agation speed cS . This situation should be analogous to
that in GLPV theories where the new Lagrangians be-
yond the Horndeski domain lead to the mixing between
cS and the matter sound speed cM [13, 16]. In order to
see such a mixing explicitly, it is convenient to employ
the k-essence description (3.9) of the perfect fluid. On
using the correspondence (3.10) and the field equation of
motion (3.19), the second-order matter action (4.17) is
equivalent to
(SM )
(2)
S =
∫
dtd3xa3
[
1
2
(PM,Z + σ˙
2PM,ZZ)( ˙δσ
2 − 2σ˙α ˙δσ)
− 1
2a2
PM,Z
[
(∂δσ)2 + 2σ˙∂χ∂δσ
]
+
1
2
σ˙2
(
PM,Z + σ˙
2PM,ZZ
)
α2
]
. (4.29)
The last term of Eq. (4.29) gives rise to the contribution
to the term w4α
2 in Eq. (4.19). One can confirm that
direct expansion of the k-essence action (3.9) leads to
the second-order action same as Eq. (4.29).
On using Eq. (4.29) and varying the full action (4.19)
with respect to α, χ, δφ respectively, we obtain the per-
turbation equations of motion in Fourier space:
(
PM,Z + σ˙
2PM,ZZ
)
(σ˙ ˙δσ − σ˙2α)
+ (3Hw1 − 2w4) δφ
φ
− 2w4α
+
k2
a2
[
w3
φ
(
ψ˙ + δφ+ 2αφ
)
+ w1χ− w6ψ
]
= 0 , (4.30)
PM,Z σ˙δσ + w1α+
w2
φ
δφ = 0 , (4.31)
(3Hw1 − 2w4)α− 2w5 δφ
φ
+
k2
a2
[
w3
2φ
(
ψ˙ + δφ+ 2αφ
)
+ w2χ− w8
2φ
ψ
]
= 0 .(4.32)
From Eq. (3.10) the first contributions to Eqs. (4.30) and
(4.31) can be written as (PM,Z+σ˙
2PM,ZZ)(σ˙ ˙δσ−σ˙2α) =
δρM and PM,Z σ˙δσ = (ρM + PM )v, respectively. On us-
ing Eqs. (4.30)-(4.32), we can express the perturbations
α, χ, δφ in terms of ψ, δσ and their derivatives. Substi-
tuting those relations into Eq. (4.19), the second-order
9scalar action reduces to the following form
S
(2)
S =
∫
dtd3xa3
(
~˙X tK ~˙X + k
2
a2
~X tG ~X
− ~X tM ~X − ~X tB ~˙X
)
, (4.33)
where K, G, M , B are 2 × 2 matrices (M does not
contain the k2 term), and the vector field ~X is defined by
~X t = (ψ, δσ) . (4.34)
The form of the action (4.33) explicitly shows that there
are only two scalar DOF coming from the field ψ and the
matter field δσ.
In the small-scale limit (k → ∞), the components of
the matrices K and G are given by1
K11 = QS + ξ
2
1K22,
K22 =
1
2
(
PM,Z + σ˙
2PM,ZZ
)
,
K12 = K21 = ξ1K22 , (4.35)
and
G11 = G + µ˙+Hµ ,
G22 =
1
2
PM,Z ,
G12 = G21 = ξ2G22 , (4.36)
where we introduced the following quantities
QS =
H2qT (3w
2
1 + 4qTw4)
(w1 − 2w2)2φ2 ,
ξ1 = − w2σ˙
(w1 − 2w2)φ ,
ξ2 = − (w8 − w6φ)σ˙
(w1 − 2w2)φ ,
G = w1w8(4w2w6φ− w1w8)− 4w
2
2w
2
6φ
2
4w3(w1 − 2w2)2φ2 −
w7
2
,
µ =
2w2w6φ− w1w8
4(w1 − 2w2)φ2 . (4.37)
Provided that the matrixK is positive definite, the scalar
ghosts are absent. Under the no-ghost condition K22 > 0
of the fluid, the positivity of K is ensured for QS > 0.
Since the quantity QS does not contain the term qV , the
no-ghost condition is not affected by the intrinsic vector
mode. We also note that QS is solely expressed in terms
1 If we use the Schutz-Sorkin action itself for the matter sector,
the leading-order contributions to K22 and G22 are proportional
to 1/k2. After transforming the Schutz-Sorkin action to the k-
essence action, both K22 and G22 do not have the k-dependence
as the components K11 and G11.
of the functions A3,4,5 and their derivatives, so the no-
ghost condition is similar to that in generalized Proca
theories.
In the large k limit, the dominant contributions to the
second-order action (4.33) are the first two terms, so the
dispersion relation is given by
det
(
c2SK −G
)
= 0 , (4.38)
where c2S is the sound speed squared related with the
frequency ω, as ω2 = c2Sk
2/a2. Then, c2S is the solution
to the equation(
c2SK11 −G11
) (
c2SK22 −G22
)− (c2SK12 −G12)2 = 0 .
(4.39)
In generalized Proca theories there is the relation w8 =
w6φ + w2 and hence ξ1 = ξ2. Since in this case
G12/K12 = G22/K22, we obtain the two decoupled so-
lutions to Eq. (4.39):
c2M =
G22
K22
=
PM,Z
PM,Z + σ˙2PM,ZZ
, (4.40)
c2P =
1
QS
[
G11 − (K11 −QS)G22
K22
]
=
1
QS
[
G + µ˙+Hµ− w
2
2(ρM + PM )
2(w1 − 2w2)2φ2
]
. (4.41)
where c2M is the matter propagation speed squared equiv-
alent to Eq. (4.18). Another sound speed squared c2P
coincides with the one derived in Refs. [40, 41].
In beyond-generalized Proca theories we have that
ξ1 6= ξ2, in which case there is a mixing between the
two scalar propagation speeds. To quantify the devia-
tion from generalized Proca theories, we introduce the
following dimensionless quantities
αP ≡ ξ2
ξ1
− 1 = w8 − (w6φ+ w2)
w2
, (4.42)
and
βP ≡ 2c2M
(
K11
QS
− 1
)
αP
=
w2(w8 − w6φ− w2)(ρM + PM )
(3w21 + 4qTw4)qTH
2
. (4.43)
Expressing the terms G22, G11,K11,K22, G12 in terms of
c2M etc by using Eqs. (4.40), (4.41), (4.43) as well as
the relations K22 = K
2
12/(K11 − QS) and G12/K12 =
(1 + αP)G22/K22, the two solutions to Eq. (4.39) are
given by
c2S =
1
2
[
c2M + c
2
P − βP ±
√
(c2M − c2P + βP)2 + 2c2MαPβP
]
.
(4.44)
For non-relativistic matter (c2M = 0), the two solutions
(4.44) reduce to c2S = 0 and c
2
S = c
2
P − βP. The lat-
ter corresponds to the scalar sound speed squared as-
sociated with the field ψ, whose value is different from
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c2P by the factor βP. Thus, the sound speed squared is
a key quantity to distinguish between generalized Proca
theories and beyond-generalized Proca theories. This sit-
uation is analogous to the difference between Horndeski
and GLPV theories. Since the contribution of the in-
trinsic vector mode affects c2S through the term w3 in the
quantity G, the sound speed in beyond-generalized Proca
theories generally differs from that in GLPV theories.
V. CONCLUSIONS
We proposed the new derivative interactions (2.13)-
(2.16) beyond the domain of second-order generalized
Proca theories. These Lagrangian densities are con-
structed in terms of the products of the anti-symmetric
Levi-Civita tensor as well as the vector field Aµ and its
first derivatives. By taking the scalar limit Aµ → ∇µπ,
the terms LN4 and LN5 recover derivative interactions of
the scalar field π appearing in GLPV theories. Since it is
known that GLPV theories do not increase the number of
propagating DOF relative to that in Horndeski theories
[15, 20], our interest is to see what happens by extending
generalized Proca theories to those containing the four
new interactions (2.13)-(2.16).
We first derived the dynamical equations of motion on
the flat FLRW background and the associated Hamil-
tonian of the system. Even in the presence of new in-
teractions, there is no additional ghostly DOF to that
appearing in second-order generalized Proca theories. In
fact the existence of a constraint leads to a vanishing
Hamiltonian, which explicitly shows the absence of the
Ostrogradski ghost.
As a second step, we considered linear cosmological
perturbations on top of the flat FLRW background by
taking into account a perfect fluid and studied the prop-
agating DOF by expanding the action (2.18) up to second
order in perturbations. We showed that the number of
DOF is the same as that in generalized Proca theories:
two tensor polarizations, two transverse vector modes,
and two scalar modes (one longitudinal scalar and one
matter fluid). Thus, beyond-generalized Proca theories
are not prone to the appearance of additional DOF at
the level of linear cosmological perturbations.
We also found that the four new interactions affect
the vector propagation speed squared c2V , while the vec-
tor no-ghost condition is only modified by the term LN6 .
By introducing the quantities given by Eq. (3.20), we
obtained the two relations (3.25) analogous to those ap-
pearing in the GLPV extension of Horndeski theories.
Since the functions f4 and f5 do not vanish in beyond-
generalized Proca theories, this leads to the scalar sound
speed squared c2S away from the value c
2
P of generalized
Proca theories with the difference weighed by βP. Thus,
the two theories can be distinguished from each other by
the different evolution of scalar and vector sound speeds.
There are several issues we did not address in this
Letter. While we showed that the number of DOF in
beyond-generalized Proca theories is the same as that in
generalized Proca theories on the FLRW background, it
remains to see whether the same conclusion also holds at
the fully non-linear level on general curved backgrounds.
In doing so, it will be convenient to express the action
(2.18) in terms of quantities appearing in the 3+1 ADM
decomposition of space-time (along the line of Ref. [14]).
In fact, we showed that the quantities associated with the
FLRW background and tensor perturbations in beyond-
generalized Proca theories can be expressed in simple
forms by using the variables (3.20) similar to those ap-
pearing in the ADM formulation of GLPV theories, but
the situation is more involved for vector and scalar per-
turbations. In our case, there should be new contribu-
tions to the ADM action of GLPV theories associated
with the vector mode. Moreover, it will be of interest to
study the cosmological viability of dark energy models
in the framework of beyond-generalized Proca theories.
These topics will be left for future works.
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